Appendix H
Characteristic Matrix in a
Stack of Airy Layers

We model an actual profile for the index of refraction n(x) by a stack of
Airy layers (see Sections 4.5 and 4.7). We consider a stack of Cartesian
stratified layers where n' is a constant within any given layer but is
discontinuous across the boundary between layers. Within a given layer, n) is

held constant, but across a boundary between two layers, both n, and n); are
adjusted to ensure that y remains invariant and to best match the profile of the
actual index of refraction.

The elements of the characteristic matrix M[y, I Va j—l] for a transverse
electric (TE) wave within the jth Airy layer are given in Eq. (4.5-6). We
introduce a shorthand notation here to reduce the size of the equations:
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Ail3a;] B[]
Ai3a;. | Bi[Fai]
i Ai[}A’Aj] Bi[)A’Aj]

T = F(3ap5a1) = “a AT 94,1 ] B[ 941 ]

Fjja= F()A)Aj’j}Aj_l)= -

RN 8 i
G = G(ij’ij_l) =Y A Ai’[)A)Aj—l] Bi’[)?Aj_l]
o Ai5a;] Bilia]
81 =8(FapInja)= -7 Ai[9aj1] B[]
Here y 4; is given by
ray= (2 ) "

It is a constant within the jth layer. Here n; is the index of refraction in the

actual medium at the bottom of the jth Airy layer, i.e., n; = n(x j_l), and at

this point, n, =n;. As we progress through the layer, n,(x), which is a linear
function of x, will deviate from n(x) because n differs from n’(xj_l) and

because the curvature and higher-order terms in n(x) produce an additional
divergence. Across the upper boundary between the jth and j+ 1st layers,

both n and n' are jointly adjusted to keep y, invariant but to readjust 74 |x‘ SO
J

that nA|Xj = n(xj) =Npj

Following Eq. (4.4-4), we define a reference characteristic matrix by

I A
joi-1 =

(H-3)

Gjj1 8jj-1

where
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] o i (A ] Ba]
fj,j—l = f(ij’ij_1) =JTE Ai[)A/Aj—l] Bi[}AfAj_l]
R 9 s
Gjj1= G(ij,ij_l) —Ya Ai,[)A’Aj‘—l] Bil[yf‘j‘—l]

(H-4)

Here y, is a constant throughout all Airy layers. Its value is to be set later;

however, following the discussion in Section 3.5, we would expect it to be
some average value among the layers spanned by the characteristic matrix.

It follows that the difference between the actual characteristic matrix for the
jth Airy layer and the reference matrix is given by

OM;; =M;; -M,;

1= (H-5)

G,

i1 0

0 =fjj1]|9ra
Ya

where Oy 4 i=Yaj -7 4, a small but non-zero quantity in general. For thin

layers, one can show by using the Wronskian for the Airy functions that
M j.j-1 can be written as

. —dyy; (H-6)
i7a3a; O | 74 Y

0 if;xl] 57’A‘,‘

Here d)A)Aj=)7Aj—§1Aj_1, which will approach zero upon reducing the

maximum thickness of the layers to zero while allowing N — oo,

We now use the product rule following the discussion in Egs. (4.4-7)
through (4.4-15) to obtain a first-order expression for the characteristic matrix
spanning a stack of layers, which will be given in terms of the reference matrix
plus a first-order correction matrix. It can be shown using the Wronskian
property for Airy functions, AiBi'— Ai'Bi =1/, that for the reference matrix
we have

(H-7)

G gm,l

m,l

Fm,l fm,l ‘

m
M, = []M;;. -
J=I¥1

From Eq. (4.4-7), it follows that a first-order expression for My, ,, which spans
the entire stack of Airy layers, is given by
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N
My, = H(Mf%/-l +oM;)

= (H-8)

N
<My, + E My oMM,
j=1

where N is the number of layers in the stack. Upon carrying out the matrix
multiplication in Eq. (H-8) and using the defining differential equation for Airy
functions (d*w / dx* = xw), it can be shown that the jth product in its limiting
form is given by

gt g2 Al; Bi | |Aij Big| 74 |AL; Bij[ |Aig Big |dy,, = (H-9)
P C e . S e . o — aYa;
2 dij i A1NB1N‘A1]- Bi; _A1NB1N.A1jB1j VA J
A|Ai; Bi;| |AiyBig|  |Ai; Bi;| |Ai, Bi
In shorthand notation, Eq. (H-9) can be written as
_ _ o d? IniFio Fnifio R
My oMM, —i—|"" " 7 sy, d5, (H-10)
;| eniFio  &nifio S

It follows that the limiting form for a first-order expression for the
characteristic matrix is given by

MI:)/}ANa}’}Ao]_)M[)}}AN’)A)AO]-'_

f()A’AN’Z)F<Z’)A’A0) f_()A’AN’Z)]?(Z’)A’Ao) J (H-11)
B z

g()A’AN’Z>F(Z’)A’Ao) g(}A’AN’Z)f(Z’)A’Ao)

Day _ . d?
lﬁ (VA(Z)—)’A)_

2
Yao dz

Here y 4 = (2n(x)n;‘ (x)/ k)l/3 =y, so we have to be clear about the relationship
between y, and x in the integration in Eq. (H-11).

For negative values of y <~ -2, we can use the asymptotic forms for the
Airy functions in the characteristic matrix. Thus, M [ VansJa 0] becomes
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1/4

(540 ) 7
Gay) o WSIH(%>N,O
M[$1x-3n0] = A(NA AO\ s (H-12)
aliandao) sin( Ao (S ol Ay
where 7 = J?A(j)A,)?AO) is given by
r(54-340) = X(3a) = X(Fa0)
N 2, .
X(94) = g(—yA | +% (H-13)
T =k[ Y ar=Iadx' = kf yy-yax’
Xo 0

The last relationship follows from Eq. (4.7-7b). From Eq. (4.5-7), it follows that
#, is still the phase accumulation by the wave along the x-axis, either for a
wave traveling through the Airy layers or through the actual medium being
modeled with Airy layers. The correction matrix in Eq. (H-11) becomes

S 50 2] ) 5

d&
() 77
A . Y
—OJ sin —— A cos (H-14)
ﬁANMV'TS AN (yANon) dE
y y N 1/4
Yao YA N (yAN\
—l)/A()’AN)’Ao) cos %, —L—y J sin 4,
A0
where _@A(j)AN,j)AO,S) is given by
Dy = %4(9AN’§A0)—2J(ZA(§’)A’AO) (H-15)
We now set
2 a=valy +val; (H-16)
AQ AN

and we define
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Ty =Y a\=Va (H17)

@y =7 a(Faoian)

Thus, kw, is the rate of phase accumulation along the x-axis by a wave
traveling through a series of Airy layers; kw, is the geometric average of the
rate of phase accumulation.

From Egs. (H-13) and (H-15), it follows that 2(~&)"/? is the derivative of %,
with respect to the dummy variable &; thus, one can integrate Eq. (H-14) by
parts:

ol .
%cos(ﬁ)]v’o 4, ELA(sm(ﬂ;)N,O ~1y)
M[S’A}\]JA’AQ]é (H-18)
W4l
—iEA(sin(éZ‘)N ot 12) A_|yAN cos(J(?A )N o—h
L ’ WA '

Here the integrals /; and I, are given by

I =% Ndy—Acos@;‘ dx
2]/A Xo dx
L oand (H-19)
I, =— ﬂsin_@z dx
2y 4 Jx  dx

These forms in Eqs. (H-18) and (H-19) are similar to those that we obtained for
Cartesian stratification in Eqs. (4.4-16) and (4.4-17) for a constant intra-layer

index of refraction. There, kw is the rate of phase accumulation of the wave

along the x-axis; here w, =kyA(x)(—§)A(x))1/2

also is the rate of phase
accumulation along the x-axis, but for a wave traveling through a series of Airy
layers. From Eq. (4.7-7b), it follows that @, =/<y(x)(—57(x))1/2 =w, which
may be considered as a necessary condition that the refractivity profiles in the
Airy layers must satisfy to obtain a limiting form for the characteristic matrix
spanning the layers that matches the exact form.
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